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The geodesic motion on anti-de Sitter spacetimes is studied pointing out how the trajectories
are determined by the ten independent conserved quantities associated to the specific SO(2, 3)
isometries of these manifolds. The new result is that there are two conserved SO(3) vectors which
play the same role as the Runge-Lenz vector of the Kepler problem, determining the major and
minor semiaxes of the ellipsoidal anti-de Sitter geodesics.
PACS numbers: 04.02.-q and 04.02.Jb
I. INTRODUCTION
In general relativity the anti-de Sitter (AdS) space-
time is the only maximally symmetric manifold which
does not have translations [1]. Therefore, the geodesic
motion is oscillatory around the origins of the central
charts (i. e. static and spherically symmetric) with ellip-
soidal closed trajectories. This particular behavior was
studied by many authors [2–8] from long time and is still
of actual interest [9, 10] such that today we are able to
understand the principal features of these spacetimes.
However, there are some technical details which were
less studied as the transformation of the conserved quan-
tities under the AdS isometries that was only tangentially
considered in applications [7, 10]. Moreover, the physi-
cal meaning of the conserved quantities along the AdS
geodesics is not elucidated completely since, apart from
the energy and angular momentum currently used in in-
tegrating the geosesic equations on central backgrounds,
there are other quantities whose meaning remains ob-
scure.
The four-dimensional AdS spacetime has ten indepen-
dent Killing vectors corresponding to its specific SO(2, 3)
isometries. These give rise to ten independent conserved
quantities along the time-like geodesics among them one
identifies the energy and angular momentum compo-
nents. The other six can be seen as the components of
two usual SO(3) vectors (as we explain later) but whose
interpretation is not yet established.
In this short paper we would like to show that these
conserved quantities play the same kinematical role as
the Runge-Lenz vector [11, 12] in the Keplerian motion,
determining the major and minor semiaxes of the ellip-
soidal time-like geodesics of the AdS spacetime.
However, despite of this analogy, there is a major dif-
ference since the components of the Runge-Lenz vector
are quadratic forms in velocity (or momentum), gener-
ated by Sta¨ckel-Killing tensors [13], while our conserved
quantities are linear forms given by the Killing vectors
associated to isometries. In general, the Sta¨ckel-Killing
tensors are related to the so called hidden symmetries of
some special systems as the Keplerian one or the Kerr
[14, 15] or Taub-NUT [16–18] geometries. Other similar
geometries were investigated looking for such conserved
quantities [19].
We start in the second section presenting the conserved
quantities generated by the AdS Killing vectors in the
standard central chart with Cartesian coordinates. A
convenient solution of the geosesic equations is given in
the next section where we consider another central chart
suitable for physical interpretations [5, 6]. In this man-
ner, we arrive to our new result writing down the compo-
nents of the conserved vectors determining the semiaxes
of the time-like geodesics. In the last section we present
our concluding remarks.
II. ADS CONSERVED QUANTITIES
The AdS spacetime (M, g) is defined as the hyper-
boloid of radius 1/ω embedded in the five-dimensional
pseudo-Euclidean spacetime (M5, η5) of metric η5 =
diag(1, 1,−1,−1,−1) where we consider the Cartesian
coordinates zA (A, B, ... = −1, 0, 1, 2, 3). The local
charts on M , of arbitrary coordinates xµ (α, ...µ, ν... =
0, 1, 2, 3), have to be introduced giving the functions
zA(x) which solve the hyperboloid equation,
η5ABz
A(x)zB(x) =
1
ω2
. (2.1)
Thus we may consider the local central chart {t, ~x} onM ,
with Cartesian spaces coordinates xi (i, j, k, ... = 1, 2, 3),
defined by
z−1(x) =
1
ω
χ(r) cos(ωt) , (2.2)
z0(x) =
1
ω
χ(r) sin(ωt) , (2.3)
zi(x) = xi , (2.4)
where we denote r = |~x| and χ(r) = √1 + ω2r2. Hereby
we obtain the line element,
ds2 = η5ABdz
A(xc)dz
B(xc)
= χ(r)2dt2 −
[
δij − ω
2xixj
χ(r)2
]
dxidxj , (2.5)
2laying out an obvious central symmetry (under space ro-
tations and time translation). In the chart {t, r, θ, φ}
with spherical coordinates, canonically associated to the
Cartesian ones xi, the line element reads
ds2 = χ(r)2dt2 − dr
2
χ(r)2
− r2(dθ2 + sin2 θ dφ2) . (2.6)
However, the symmetries of these manifolds are more
complicated since their isometries are given by the group
SO(2, 3) which leave invariant the metric η5 of the em-
bedding manifold (M5, η5) and implicitly Eq. (2.1).
Therefore, given a local chart {x} defined by the func-
tions z = z(x), each transformation g ∈ SO(2, 3) defines
the isometry x → x′ = φg(x) derived from the system
of equations z[φg(x)] = gz(x). For these transformations
we adopt the parametrization
g(ξ) = exp
(
− i
2
ξABSAB
)
∈ SO(2, 3) (2.7)
with skew-symmetric parameters, ξAB = −ξBA, and the
covariant generators SAB of the fundamental represen-
tation of the so(2, 3) algebra carried byM5 that have the
matrix elements,
(SAB)
C ·
·D = i
(
δCA η
5
BD − δCB η5AD
)
. (2.8)
In general, these isometries are not linear transformations
apart the rotations r ∈ SO(3) ⊂ SO(2, 3) that may trans-
form linearly the Cartesian coordinates as xi → φi
r
(x) =
Rijx
j , but only when these are proportional with zi as
in Eq. (2.4).
The Killing vectors associated to these isometries are
defined (up to a multiplicative constant) as
k(AB)µ = zA∂µzB − zB∂µzA, , zA = η5ACzC , (2.9)
recovering the components given in Ref. [20]. With their
help one can define the conserved quantities of the gen-
eral form K(AB) = mk(AB)µuµ, depending on the four-
velocity uµ = dx
µ
ds
. These quantities transform under
isometries x → x′ = φg(x) as the components of a five-
dimensional skew-symmetric tensor on (M5, η5) accord-
ing to the rule
K′(AB) = g·CA · g·DB · K(CD) , (2.10)
that can be put in the matrix form K′ = gK gT where we
must use the adjoint transformation matrix g = η5 g η5.
Thus we can verify that all the conserved quantities car-
rying space indices (i, j, ...) transform alike under rota-
tions as SO(3) vectors or tensors. Moreover, the condi-
tion zi ∝ xi fixes the same (common) three-dimensional
basis in both the Cartesian charts, ofM5 and respectively
M . Then we say that the SO(3) symmetry is global [20]
and we may use the vector notation for the conserved
quantities as well as for the local Cartesian coordinates
of M .
With these preparations we may introduce ten inde-
pendent conserved quantities for any massive mobile of
mass m freely falling on AdS background. In the central
chart with Cartesian coordinates we define the energy
E = mωk(−1,0)µu
µ = mχ(r)2u0 , (2.11)
and the angular momentum components
Li = m
1
2
εijkk(j,k) µu
µ = mεijkx
juk , (2.12)
that have the traditional physical meaning. In addition,
we have two more conserved vectors, ~K and ~N , having
the components
Ki = mk(i,0)µu
µ = m
[−xiχ(r)u0 cos(ωt)
+
(
χ(r)
ω
ui − ω
χ(r)
xixjuj
)
sin(ωt)
]
, (2.13)
Ni = mk(i,−1)µu
µ = m
[
xiχ(r)u0 sin(ωt)
+
(
χ(r)
ω
ui − ω
χ(r)
xixjuj
)
cos(ωt)
]
, (2.14)
and the following obvious properties
~K · ~L = ~N · ~L = 0 , ~K ∧ ~N = −E
ω
~L . (2.15)
Moreover, the general invariant corresponding to the first
Casimir operator of the so(2, 3) algebra reads now
E2 + ω2
(
~L
2 − ~K 2 − ~N 2
)
= m2u2 . (2.16)
Other new properties of ~K and ~N , representing the
principal results reported here, may be derived only by
using explicitly the geodesic equation.
III. TIME-LIKE GEODESICS
In what follows, we restrict ourselves to the time-like
case when u2 = 1 considering the new central chart {x˜} =
{t, ρ, θ, φ} resulted after the substitution [5, 6]
r =
ρ
χ˜(ρ)
, χ˜(ρ) =
√
1− ω2ρ2 , (3.1)
where 0 ≤ ρ < 1
ω
. Then the embedding equations become
z−1(x˜) =
1
ωχ˜(ρ)
cos(ωt) , (3.2)
z0(x˜) =
1
ωχ˜(ρ)
sin(ωt) ,
z1(x˜) =
ρ
χ˜(ρ)
sin θ cosφ , (3.3)
z2(x˜) =
ρ
χ˜(ρ)
sin θ sinφ , (3.4)
z3(x˜) =
ρ
χ˜(ρ)
cos θ (3.5)
3while the line element reads
ds2 =
1
χ˜(ρ)2
[
dt2 − dρ
2
χ˜(ρ)2
− ρ2(dθ2 + sin2 θ dφ2)
]
.
(3.6)
In this chart the components of the four-velocity are de-
noted as u˜µ = dx˜
µ
ds
.
For integrating the geodesic equations and deriving the
conserved quantities it is convenient to take the angular
momentum along the third axis, ~L = (0, 0, L), restricting
the motion in the equatorial plane, with θ = π2 and u˜
θ =
0. Then the conserved quantities take the form
E =
m
χ˜2
u˜t , (3.7)
L =
mρ2
χ˜2
u˜φ , (3.8)
K1 =
m
ωχ˜2
(−ωρu˜t cosωt cosφ
+u˜ρ sinωt cosφ− ρu˜φ sinωt sinφ) , (3.9)
K2 =
m
ωχ˜2
(−ωρu˜t cosωt sinφ
+u˜ρ sinωt sinφ+ ρu˜φ sinωt cosφ
)
, (3.10)
N1 =
m
ωχ˜2
(
ωρu˜t sinωt cosφ
+u˜ρ cosωt cosφ− ρu˜φ cosωt sinφ) , (3.11)
N2 =
m
ωχ˜2
(
ωρu˜t sinωt sinφ
+u˜ρ cosωt sinφ+ ρu˜φ cosωt cosφ
)
, (3.12)
and K3 = N3 = 0.
Furthermore, from Eqs. (3.7) and (3.8) and the iden-
tity u˜2 = 1 we obtain the radial component
u˜ρ = χ˜(ρ)2
[
E2
m2
χ˜(ρ)2 +
ω2L2
m2
− L
2
m2ρ2
− 1
] 1
2
, (3.13)
deriving the following prime integrals
(
dρ
dt
)2
+ ω2ρ2 +
L2
E2ρ2
= 1 +
ω2L2
E2
− m
2
E2
, (3.14)
dφ
dt
=
L
Eρ2
, (3.15)
that have to be integrated. The solution is known [7, 10]
and can be written with our actual notations as [8]
ρ(t) = [κ1 + κ2 cos 2ω(t− t0)]
1
2 , (3.16)
φ(t) = φ0 + arctan
[√
κ1 − κ2
κ1 + κ2
tanω(t− t0)
]
,(3.17)
where
κ1 =
ω2L2 + E2 −m2
2ω2E2
, (3.18)
κ2 =
1
2ω2E2
[
(E +m)2 − ω2L2] 12 [(E −m)2 − ω2L2] 12 ,
(3.19)
such that
κ21 − κ22 =
L2
ω2E2
. (3.20)
The integration constants t0 and φ0 determine the initial
position of the mobile and implicitly of its trajectory.
Hereby we recover the well-known behavior of the time-
like geodesic motion which is oscillatory with frequency
ω having a closed trajectory of an ellipsoidal form in the
domain ρ ∈ [ρmin, ρmax] where
ρmin =
√
κ1 − κ2 , ρmax =
√
κ1 + κ2 , (3.21)
satisfy ρmin ≤ ρmax < 1ω for any values of E and L.
For calculating the components of ~K and ~N we set
t = t0 = 0 fixing the moment when the mobile reaches
the aphelion (ρmax, φ0) where u˜
ρ = 0 as it results from
Eq. (3.13). Then, by using Eqs. (3.7)-(3.12) we obtain:
~K = Eρmax (cosφ0, sinφ0, 0) , (3.22)
~N = Eρmin (sinφ0,− cosφ0, 0) . (3.23)
The conclusion is that these vectors play a similar role as
a Runge-Lenz one in the sense that they are orthogonal
to each other being oriented along the semiaxes of the
ellipsoidal trajectory. More specific, the vector
~K
E
belongs
to the major semiaxis while
~N
E
lays over the minor one.
However, the analogy stops here since, as mentioned
before, the components of our conserved vectors are lin-
ear forms in four-velocity while the genuine Runge-Lenz
components of the Keplerian motion or of the Taub-NUT
geodesics are quadratic forms given by Sta¨ckel-Killing
tensors.
IV. CONCLUDING REMARKS
We succeeded here to find the physical meaning of all
the ten independent conserved quantities of the time-
like geodesics on AdS manifolds, including ~K and ~N .
It is remarkable that all these quantities depend only
on E and ~L and the initial condition φ(t0) = φ0. This
situation is similar to that of the de Sitter spacetimes
where the conserved quantities are determined only by
the conserved momentum and the initial condition [21,
22].
The difference is that on de Sitter backgrounds we have
translations which are forbidden in the AdS geometry
where all the geodesics are oscillatory motions around
the origin of a central chart. For this reason the effect
of the AdS isometries may be less relevant even though
their study is very difficult in central charts where only
the SO(3) symmetry is global. Nevertheless, the exam-
ple discussed in Ref. [10] indicates that the problem
of isometries transforming geodesics and their conserved
quantities remains open for further investigations with
the hope of finding new effective mathematical methods
with physical impact.
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